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Large quantum photonic systems hold promise for surpass-
ing classical computational limits, yet their state preparation
remains a challenge. We propose an alternative approach
to study multiparticle dynamics by mapping the excita-
tion mode of these systems to physical properties of the
Laguerre-Gauss modes. We construct coherent states estab-
lishing a direct link between excitation number dynamics
and the evolution of the Laguerre—~Gauss modes. This high-
lights the photon transverse spatial degree of freedom as
a versatile platform for testing the fundamental aspects
of quantum multiparticle systems. © 2024 Optica Publish-
ing Group
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The second quantum revolution seeks to apply the princi-
ples of quantum physics to quantum technologies, focusing on
unlocking the potential of large multiparticle systems for com-
plex operations through interference and scattering processes
[1-4]. The engineering of robust, controllable quantum sys-
tems composed of multiple interacting particles is crucial, and
ongoing efforts involve various physical systems like trapped
atoms and ions [5-7], superconducting circuits [8,9], and pho-
tonic quantum devices [2,10-18]. However, the experimental
preparation of controllable multiparticle systems faces signifi-
cant challenges [19-22], necessitating exploration of alternative
platforms relying on spatial light modes [23-27]. This possi-
bility has stimulated classical analogies of entanglement, where
the number of particles is replaced by the degrees of freedom of
spatial light modes. This approach has enabled the exploration of
complex multiparticle phenomena through simple manipulation
of polarization and spatial properties of classical light beams
[28-31].

Here, we map the excitation mode of the electromagnetic
field to the transverse properties of the spatial Laguerre—Gauss
modes. To construct coherent states, we leverage symmetries
linked to the conservation of quantum numbers and present
experimental evidence thereof in multiparticle systems. We
provide a robust platform for exploring the fundamental proper-
ties of quantum multiparticle systems harnessing the transverse
spatial degree of light.
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We study the Laguerre—Gauss modes using an operator-based
approach, characterized by radial, p, and azimuthal, ¢, excitation
numbers [32-35]:

A 1]
Ip.€) = 1 (aﬁaﬂ')ﬁ{(ai) 0, 0,

V'L +1€D!

where the creation operators, &, = (a! + ia!)/V?2 for the left- and
right-circular modes, act on the vacuum state |0). These oper-
ators define the Heisenberg—Weyl algebra [&/, 21,‘(] = 0;, with
J»k = . Assuming a harmonic oscillator in dimensionless polar
configuration space, these modes correspond to the standard
Laguerre-Gauss modes:
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written in terms of associated Laguerre polynomials, L!‘f'(rz), of
the isotropic 2D harmonic oscillator [36],
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where we use re-normalized dimensionless canonical vari-
ables, §; = \ymw/h%; and p; = y/1/(hmw) p;, = —i0,,, such that
the annihilation (creation) operators are & = (%; + 8/0x;) /2
@ = (% - 8/0x;) /V2) with &, = &, 5.

Parceling the Hilbert space into subspaces with constant
circular excitation number, n, = (ala.), reveals an underly-
ing Heisenberg—Weyl algebra. The Glauber—Sudarshan coherent
states [37,38] for the subspace with null excitation,
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resembles a Gaussian function displaced by the radial displace-
ment,
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Fig. 1. (a), (c) Probability density function, |{r, ¢|n_, a)|*. (b),
(d) Phase, arg({r, ¢|n_, a)), for the Glauber—Sudarshan coherent
states for the Heisenberg—Weyl algebra, |n. = 0, @), with coherent
parameter, & = €', amplitudes (a), (b) £ = 1 and (c), (d) = 3 and
different phase values 6 = 0, 77/2, . (e), (f) Experimental classical
intensity and phase for { = 3 and 6 = /2.
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Fig. 2. Same as Fig. | for the Gilmore—Perelomov coherent states
for constant total excitation number subspaces, |j; £, ), with a coher-
ent parameter amplitude { = 7/2 for the Bargmann parameter (a),
(b)j = 1/2and (c),(d)j = 4 and different phase values 8 = 0, /2, x.
(e), (f) Experimental intensity and phase for { = /2, § = /2, and
j=4

in terms of the modified Bessel functions of the first kind,
L(Ja|*/2), controlled by the complex coherent parameter ampli-
tude, . The coherent parameter phase controls the azimuthal
position for the probability distribution center (Figs. 1(a) and
1(c)). The probability distribution is identical for the left- or
right-circular operators, with their phases inverted. As with any
coherent state, its evolution keeps the coherent parameter ampli-
tude but changes the phase (Figs. 1(b) and 1(d)), resulting in
the probability density rotating along a circular trajectory with
radius ry(@) around the dimensionless configuration space ori-
gin. Figures 1(e) and 1(f) show the experimental intensity and
the phase.

Parceling the Hilbert space into constant total excitation num-
ber,j = (ala, + ata_)/2, subspaces reveals an underlying sym-
metry described by the su(2) algebra. Its Gilmore—Perelomov
coherent states [39,40],
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are given in terms of the complex coherent parameter, Je™
with ¢ € [0, 7] and 6 € [0,27). The dimensionless configura-
tion operator expectation values are null, g, = g, = 0. Thus,
the probability density function centers at the origin, exhibit-
ing nodes equal to twice the Bargmann parameter. It maintains
its shape, albeit a rotation is governed by the coherent parame-
ter phase (Figs. 2(a) and 2(c)). Figures 2(e) and 2(f) show the
experimental intensity and the phase.

Parceling the Hilbert space into constant azimuthal number,
k = (|(€)| + 1)/2, subspaces reveals an underlying symmetry
described by the su(1, 1) algebra. To distinguish positive and
negative azimuthal number values sharing the same Bargmann
index k, we introduce a new index. The Gilmore—Perelomov
coherent states,
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Fig. 3. Same as Fig. | for the Gilmore—Perelomov coherent states
for constant azimuthal number subspaces, |k; £, )., with coherent
parameter amplitude £ = 1 for the Bargmann parameter (a), (b)
k =1/2 and (c), (d) k = 4 and different coherent phase values 6 =
0,7/2, 7. (e), (f) Experimental intensity and phase for { =1, 6 =
/2, and k = 4.

are given in terms of the complex coherent parameter, £ with
¢ > 0and @ € [0,27), the Gamma function, I'(2k), the Gaussian
envelope waist,

o? = cosh/ — cosfsinh £, (8)
and the phase function,
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up to a constant phase. The Gaussian envelope waist decreases
with an increasing real coherent parameter, confining the wave
function near the origin. For complex parameters, it follows
the coherent parameter phase that is increasing and decreas-
ing in the ranges 6 € [0, 7] and 6 € [r, 27), respectively. The
probability density function centers at the origin. For the lowest
Bargmann parameter, k = 1/2, it is a Gaussian (Fig. 3(a)), and
a single ring (Fig. 3(c)), for higher-order Bargmann parame-
ters, k = 1,3/2,2,.... The wave function phase for the lowest
Bargmann parameter, k = 1/2, takes a constant (annular) shape
for real (complex) coherent parameters (Fig. 3(b)), whereas for
higher Bargmann parameters, k = 1,3/2,2,..., it is a (swirl)
vortex with topological order 2k — 1 for (complex) real coherent
parameters (Fig. 3(d)). It shows a quadratic radial dependence
and evolves between constant and annular patterns fork = 1/2 or
between the vortex and the swirl-vortex for all other Bargmann
parameters (Figs. 3(b) and 3(d)). Figures 3(e) and 3(f) show the
experimental intensity and the phase.
The Barut-Girardello coherent states [41],
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Fig. 4. Same as Fig. 1 for the Barut-Girardello coherent states
for constant azimuthal number subspaces, |k;£)., with coherent
parameter, & = £e'?, amplitude £ = 1 for the Bargmann parameter
(a), (b) k=1/2 and (c), (d) k =4, and different coherent phase
values 6 = 0, 7/2, . (e), (f) Experimental intensity and phase for
(=1,0=m/2,and k = 4.
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Fig. 5. Same as Fig. | for the Gilmore—Perelomov coherent states
for constant circular excitation number subspaces, |k; £, 0),,, with
coherent parameter amplitude ¢ = 1 for the Bargmann parameter
(a), (b) k =1/4 and (c), (d) k = 3/4 and different coherent phase
values 6 = 0,7/2, 7. (e), (f) Experimental intensity and phase for
(=1,0=n/2,and k = 3/4.

take the form of a Bessel-Gauss mode with complex argument
scaled by the square root of the coherent parameter & = e Its
probability density distribution takes a Bessel shape for k = 1/2
and aring shape for higher Bargmann parameters. The minimum
radius occurs for negative real values of the coherent parameter
(Figs. 4(a) and 4(c)). The wave function phase shows a vortex
with topological order 2k — 1 for complex coherent parameters
whose phase is an integer multiple of 7 and a swirl-vortex for
all other cases (Figs. 4(b) and 4(d)). Figures 4(e) and 4(f) show
the experimental intensity and the phase.

Parceling the Hilbert space into constant circular excita-
tion number, n., subspaces reveals additional representations,
k=1/4,3/4, of the su(1,1) algebra for each subspace. Its
Gilmore—Perelomov coherent states,
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are given in terms of the constant circular excitation number
n.. For a given value of the Bargmann parameter, k, circular
excitation numbers, n, = n_suchthatp, = p_and ¢, = €_, yield
coherent states that are identical except for the phase term ¢'+?.
Thus, exploring one subspace is sufficient, and the coherent state
in the other subspace has its phase inverted. The probability den-
sity function centers at the origin. Numerical analysis suggests
compression along the ¢, direction for real coherent parame-
ters. For subspaces with the Bargmann parameter k = 1/4, the
probability distribution shows 7, nodes in the g, direction and
no nodes in the g, direction. Conversely, for k = 3/4, it shows
n. — 1 nodes in the g, direction at ¢, = 0 and n, nodes at g, # 0,
with zero or one node in the g, direction depending on g, value.
The wave function phase shows a vortex with a hyperbolic-
like pattern (Figs. 5(b) and 5(d)), keeping their shape invariant.
Figures 5(e) and 5(f) show the experimental intensity and the
phase.
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Fig. 6. Same asFig. | for the Barut-Girardello coherent states for
constant circular excitation number subspaces, |k; £).., with coherent
parameter, £ = (e, amplitude £ = 1 for the Bargmann parameter
(a), (b) k =1/4 and (c), (d) k = 3/4 and different coherent phase
values 6 = 0,7/2,x. (e), (f) Experimental intensity and phase for
(=1,0=mn/2,and k = 3/4.

The Barut—Girardello coherent states,
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show that we need to explore just one of the subspaces defined by
the circular excitation number, knowing that the coherent state
in the other subspace has its phase inverted. Their probabil-
ity density function and wave function phase displays complex
shapes (Fig. 6). Under evolution, both rotate with the coherent
parameter phase (Figs. 6(b) and 6(d)), centered at the origin.
Figures 6(e) and 6(f) show the experimental intensity and the
phase.

Figure 7(a) displays our experimental setup where a low-
power He—Ne laser illuminates the spatial light modulator (SLM,
HOLOEYE PLUTO VIS) after expansion and collimation. Uti-
lizing a digital hologram [42] of our classical coherent modes,
lenses L2 and L3 and an iris diaphragm (SF) filter and recon-
struct the desired optical field in the first diffraction order. The
CCD sensor (Nikon D3100) captures the optical field intensity
in the back focal plane of L3.

We employed the four-frame technique [43], measuring the
interference pattern between the unknown beam and a refer-
ence wave, to determine the transverse phase of the beam. The
intensity I,(x,y) = a(x,y) + b(x,y) cos[¢(x, y) + a;], where four
phase shifts, @, = (k— 1)/2 with k = 1,2,3,4, help compute
the phase:

(. ¢lk; &), =
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Our experimental setup has a dual purpose, generating and
observing the field intensity and the phase via multiplexed

¢(x,y) = atan [
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Fig. 7. (a) Experimental setup. Laser, He-Ne source; MO,

microscope objective; PH, pinhole; L1-L3, lenses; SLM, spatial
light modulator; SF, spatial filter; CCD, sensor. (b) Exemplary
interference patterns. (c) Recovered intensity (top) and phase
(bottom).

holography [44], i.e., generating two beams, the desired opti-
cal mode along wave vector k; and a reference beam in the

%2 direction. Careful spatial filtering (SF) allows both beams
to interfere in the CCD plane. The digital hologram includes
necessary phase shifts, eliminating the need for any moving
optical elements. Figure 7(b) provides some interference pat-
terns, while Fig. 7(c) shows the recovered intensity (top) and the
phase (bottom).

In summary, we demonstrated how the Heisenberg—Weyl
algebra provides coherent states in the configuration space,
characterized by the Gaussian probability density functions that
exhibit radial displacement and rotation during evolution. Fur-
ther, the su(2) algebra provides the Gilmore—Perelomov (Bloch)
coherent states that rotate around the origin while maintaining
their shape. Interestingly, the su(1, 1) algebra, with two parti-
tions, provides the Gilmore—Perelomov and Barut—Girardello
coherent states. The first partition yields the Gaussian envelope
probability density functions, transitioning from the Gaussian to
single-ring shapes with increasing Bargmann parameter values.
The second partition results in symmetrical probability density
functions with unique vortex configurations.

Our work establishes a direct connection between the spatial
parameters of classical optical beams and the dynamics of mul-
tiparticle systems, which is defined by the excitation mode of
the electromagnetic field [38,45]. These findings, together with
recent attempts to develop orbital-angular—-momentum beam
splitters, might enable the use of spatial light modes to emu-
late multiparticle interference effects [46,47]. This possibility
has implications for optical and quantum information process-
ing [48,49]. In addition, our work contributes to ongoing efforts
that aim to develop classical analogs of quantum systems. So far,
extensive research has been directed toward the use of classi-
cal non-separability to explore complex entanglement dynamics
[28-31]. However, our work strikes out in a new direction. It
suggests that the spatial degree of freedom of an optical beam
could be used to explore effects hosted by many-body systems.
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